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Ting som ikke ble med i forelesningen, 

men som kanskje kan være av interesse
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Gjenta suksessen!

… denne gang for WC

3

Her er det altså snakk om en garanti i 
verste tilfelle – ikke en forventning.
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The number of comparisons required to select the i-th smallest of n numbers is shown 

to be at most a linear function of n by analysis of a new selection algori thm--PICK. 

Specifically, no more than 5.4305 n comparisons are ever required. This bound is 

improved for extreme values of i, and a new lower bound on the requisite number 

of comparisons is also proved. 

1. INTRODUCTION 

In this paper we present a new selection algorithm, PICK, and derive by an analysis 

of its efficiency the (surprising) result that the cost of selection is at most a linear 

function of the number of input items. In addition, we prove a new lower bound 

for the cost of selection. 

The selection problem is perhaps best exemplified by the computation of medians. 

In general, we may wish to select the i-th smallest of a set of n distinct numbers, 

or the element ranking closest to a given percentile level. 

Interest in this problem may be traced to the realm of sports and the design of 

(traditionally, tennis) tournaments to select the first- and second-best players. In 

1883, Lewis Carroll published an article [1] denouncing the unfair method by which 

the second-best player is usually determined in a "knockout tournament" -- the loser 

of the final match is often not the second-best! (Any of the players who lost only 

to the best player may be second-best.) Around 1930, Hugo Steinhaus brought the 

problem into the realm of algorithmic complexity by asking for the minimum number 

of matches required to (correctly) select both the first- and second-best players 

from a field of n contestants. In 1932, J. Schreier [8] showed that no more than 

n + [logg(n)]- 2 matches are required, and in 1964, S. S. Kislitsin [6] proved 

this number to be necessary as well. Schreier's method uses a knockout tournament 

to determine the winner, followed by a second knockout tournament among the 
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Trenger god pivot

Bruk … Select?

«Median av medianer»
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Partition(A, p, r)
1 x = A[r]
2 i = p − 1
3 for j = p to r − 1
4 if A[j] ≤ x

5 i = i + 1
6 exchange A[i] with A[j]
7 exchange A[i + 1] with A[r]
8 return i + 1

Bruker A[r] som pivot

lin. rang. › select
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Partition-Around(A, p, r, x)
1 i = 1
2 while A[i] ”= x

3 i = i + 1
4 exchange A[r] and A[i]
5 return Partition(A, p, r)

Får pivot oppgitt! Beskrevet uten kode i boka

lin. rang. › select
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Rand-Sel(A, p, r, i)
1 if p == r

2 return A[p]
3 q = Rand-Partition(A, p, r)
4 k = q − p + 1
5 if i == k

6 return A[q]
7 elseif i < k

8 return Rand-Sel(A, p, q − 1, i)
9 else return Rand-Sel(A, q + 1, r, i − k)

La oss bytte ut alle Randomized-tingene

lin. rang. › select
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Select(A, p, r, i)
1 if p == r

2 return A[p]
3 q = Good-Partition(A, p, r)
4 k = q − p + 1
5 if i == k

6 return A[q]
7 elseif i < k

8 return Select(A, p, q − 1, i)
9 else return Select(A, p + 1, r, i − k)

Partisjoneringen er kjernen: Finn en god pivot!

lin. rang. › select
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Good-Partition(A, p, r)

Velger pivot nøye. Beskrevet uten kode i boka

A tabell

p venstre

r høyre

lin. rang. › select
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Good-Partition(A, p, r)

n = A[p . . r].length

1 n = r ≠ p + 1

A tabell

p venstre

r høyre

n antall

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1

Vi vil dele A[p . . r] i grupper på fem

2 m = Án/5Ë

A tabell

p venstre

r høyre

n antall

m grupper

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë

Vil inneholde medianen for hver av femmergruppene

3 create B[1 . . m]

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë
3 create B[1 . . m]

For hver femmergruppe . . .

4 for i = 0 to m ≠ 1

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

i gruppe − 1

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë
3 create B[1 . . m]
4 for i = 0 to m ≠ 1

Gruppen starter med A[q]

5 q = p + 5i

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

i gruppe − 1

q v., gruppe

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë
3 create B[1 . . m]
4 for i = 0 to m ≠ 1
5 q = p + 5i

For å finne medianen i gruppen. Bruk f.eks. Insertion-Sort

6 sort A[q . . q + 4]

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

i gruppe − 1

q v., gruppe

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë
3 create B[1 . . m]
4 for i = 0 to m ≠ 1
5 q = p + 5i
6 sort A[q . . q + 4]

Sett medianen inn i B

7 B[i] = A[q + 2]

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

i gruppe − 1

q v., gruppe

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë
3 create B[1 . . m]
4 for i = 0 to m ≠ 1
5 q = p + 5i
6 sort A[q . . q + 4]
7 B[i] = A[q + 2]

Finn medianen av medianene . . . med Select!

8 x = Select(B, 1, m, Âm/2Ê)

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

i gruppe − 1

q v., gruppe

x splitt

lin. rang. › select
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Good-Partition(A, p, r)
1 n = r ≠ p + 1
2 m = Án/5Ë
3 create B[1 . . m]
4 for i = 0 to m ≠ 1
5 q = p + 5i
6 sort A[q . . q + 4]
7 B[i] = A[q + 2]
8 x = Select(B, 1, m, Âm/2Ê)

Bruk medianen av medianene som pivot

9 return Partition-Around(A, p, r, x)

A tabell

p venstre

r høyre

n antall

m grupper

B medianer

i gruppe − 1

q v., gruppe

x splitt

lin. rang. › select

m
l
h
@
n
t
n
u
.
n
o

19



lin. rang. › select › kjøretid

3

39
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>
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10
≠ 6

Hvor mange har vi på hver side av pivot?
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lin. rang. › select › kjøretid
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Vi har delt inn i Án/5Ë grupper
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lin. rang. › select › kjøretid
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Minst halvparten bidrar med 3 verdier mindre enn pivot
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lin. rang. › select › kjøretid
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Unntatt én, om Án/5Ë > n/5 . . .
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lin. rang. › select › kjøretid
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. . . og unntatt gruppen med pivot
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lin. rang. › select › kjøretid
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Vi har altså minst så mange elementer mindre enn pivot . . .
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lin. rang. › select › kjøretid
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. . . og så mange som er større
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + O(n)
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + O(n)

Rekursiv bruk av Select for å finne median av Án/5Ë gruppemedianer

m
l
h
@

n
t
n
u
.
n
o

28



lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + O(n)

Rekursivt kall i største «halvdel», med n ≠ (3n/10 ≠ 6) elementer
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + O(n)

Partition, gruppering, sortering av grupper, etc.
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

Her er a konstanten fra O-notasjonen (n0 = 1)
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

Vil vise T(n) Æ cn med substitusjon
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

Induksjonshypotese: T(k) Æ ck for alle k < n
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

6 cn/5 + c + 7cn/10 + 6c + an

Vanlig algebra/«ligningsløsning»
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

6 cn/5 + c + 7cn/10 + 6c + an

= 9cn/10 + 7c + an

Vanlig algebra/«ligningsløsning»
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

6 cn/5 + c + 7cn/10 + 6c + an

= 9cn/10 + 7c + an

= cn +
!

an ≠ (cn/10 + 7c)
"

Vanlig algebra/«ligningsløsning»
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

6 cn/5 + c + 7cn/10 + 6c + an

= 9cn/10 + 7c + an

= cn +
!

an ≠ (cn/10 + 7c)
"

6 cn

. . . hvis c er stor nok, så an 6 cn/10 ≠ 7c
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

6 cn/5 + c + 7cn/10 + 6c + an

= 9cn/10 + 7c + an

= cn +
!

an ≠ (cn/10 + 7c)
"

6 cn

F.eks. c > 20a, hvis n > 140. (La n < 140 være grunntilfellet!)
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lin. rang. › select › kjøretid

T(n) 6 T(Án/5Ë) + T(7n/10 + 6) + an

6 cÁn/5Ë + c(7n/10 + 6) + an

6 cn/5 + c + 7cn/10 + 6c + an

= 9cn/10 + 7c + an

= cn +
!

an ≠ (cn/10 + 7c)
"

6 cn

Og dermed er induksjonstrinnet komplett!
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lin. rang. › select › kjøretid

T(n) = Θ(n)

Garantert en viss prosent på hver side av pivot
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